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403MACA Complex Analysis units 8

Theoretical 4hr/week

Tutorial  4hr/week

Practical - hr/week

1- Complex Numbers

complex number definition, properties Geometric
representation, Root of complex number, field of complex number as
metric field .
(12hrs)

2-Regions in The Complex Plane
Open set, Close set in a complex plan, connectedness, Region,
smooth Carve.

(4hrs)

3-Analytic Function

Function of a complex Variable, Limits, Continuity,
Derivatives, Cauchy- Riemann Equations, Analytic Function,
Harmonic Functions.

(16hrs)

4- Elementary Functions
Exponential Function, Trigonometric Function, Logarithmic
Function, Hyperbolic Functions.

(8hrs)

5-Serise
Convergence of Sequence, Convergence of Series, Pour Series,
Convergence Pour Series, Taylor Series, Laure Series.

(12 hrs)

6-Integrals
Definition Integrals of Function, Contour Integrals

Cauchy_Goursat Theorem, Cauchy_Integral Formula, Liouville's
Theorem and the Fundamental Theorem of Algebra.
(16hrs)




7-Residues and Poles

Residues, Cauchy's Residue Theorem, Using a Single Residue,
Singular Points, Zeros of Analytic Functions.

(12hrs)
8-Applications of Residues

Evaluation of Improper Integrals, Jordan's Lemma, Definit
Integrals involving Sines and Cosines, Argument Principle , Rouch's
Theorem.

(12hrs)



( Taylor series)

Definition:-( Taylor series )

Taylor series is a representation of a function as an infinite sum of
terms that are calculated from the values of the function’s derivatives at
a single
point .

Theorem:- ( Taylor series )

Suppose that a function F is analytic throughout a disk | z-z,| <
R,.centered at z, and with radius R, ,then f(z) has the y
power series representaton | -

- f’ 5 \
f(Z)=Zan(z—zo)“ |z-2,] <R,. . .(1L,D) {’ /\
I

! 1

n=0

Where a, = %2,0) (n=0,12,....) o~

That is series (1,1) converges to f(z) when z lies in the open disk,

Series (1,1) can of course be written :

f(2) =f(z) + ['(zo) (z —zy) + I"(zo) (z—2z9)%+. . .(Iz—zyl <Ry) (1,2

1! 21
Example:-

Since the function f(z) = e is entire it has a maclaurin series
representation which is valid for all z. Her f»(z) = e* and because
f(0) = 1, it follows that

e = i (%) (Iz] < ) . (13)

n=0

Not that if z = x + i0, expansion because

n

2= (7) oo

n=0
The entire function z%e3* also has amaclaurin series expansion. The

simplest way to obtain it is replace z by 3z on each side of
equation(2)and then multiply through the resulting by z?



o

3n

ZZe3Z — z (m Zn+2) (—OO <x < OO)
n=0 '

Finally ,if we replace n by n-2 here have

2,3z __ o) 371—2 n
72e =T, (S 7") (A <o) .

Find the Taylor series around z =0 f(Z) = ﬁ ?
Sol:

[ =15 - f@) =1

1
f(Zo)=m—>f(O)=1
f”(zo):m—)f"(O):—Z

6
f (Zo):mﬁf (0)=6

n n! N |
N e A

_ fn(Zo) _ n_' —1
n! n!
1 - °°
fD =1 =) az=2)" > fO) = ) 2"
n=0 n=0

Remark: Taylor series around some function

(o]

ZZ Z3 Zn

=Z=1 J— J— - P
f(z)=e tz+o o+ .

1 (o8]
f(Z)=1—=1+Z+Zz+Z3+---= Ez"
—Z

n=0

f(Z)=1L+Z=1—Z+ZZ—Z3-|--..=Z(_1)nZn

n=0



5

23z s (—1)nz2n+1
f(z)=sinz=z——+—-—.. =z—

3! 5! 2n+1
n=0
24 56 0 (— l)n 2n
f(z)—cosz-l—z—a+ Z
=0

(Laurent series)

Definition (Laurent series)

Laurent series of a complex function f(z) is a representation of that
function as power series which includes of positive and negative degree.

(Remark)

It may be used to express complex functions in
cases where a Taylor series expansion cannot be
applied.

( Laurent Theorem )

Suppose that a function fis analytic throughout an annular domain
R1<Iz-z0I<R2 ,centered at z0 ,and let C denote any positively oriented
simple closed contour a round z0 has the series representation ;

o)

F(z) = Z a,(z —zg)" + z oo 0)n (R, <lz—2z01 <R, . ..(14)

n=0
f(z)dz
M o jc (z—2z)™1 = n=(012,..)
_1 f(2)dz ~
a Zn'ijc (z—z9) ™1 n=(0,12,..)

singular point :

Definition (sinqular point)

A point z, is ,called singular point of a function f(z) iff F isnot
analytic at z,but is analytic same point in every neighborhood of z,.

(Isolated singular point)




The point z, is an isolated singular point of f(2)if f(z) is not analytic
at z, but analytic in a deleted neighborhood .

Example:-
The function ZZ(Z;H) has the three isolated singular points z=0 and
z==i

Example:-the function f(z) = i has a singular pointat z, = 0

Example:-the function f(z) = log z has not isolated singular point

Definition (pole of order n)

function whose Laurent expansion about singular point z, has a
principal part in which the most negative power of (z — z,) is-n ,is
said to have a pole of ordernat z, .

Example :-

The function f(z) = z(zil)z

Laurent expansion about these point is ;

has singular point at z, and z = 1 the

f(2)=z"4+2+3z+4z°+- 0<]z| <1 and
f@=GE-1)2-GZ-D"-C-D+GE-1%+- 0<|z—-1]<1

The first series reveals that f(z) has a pole of order 1at z = 0,while the
second shows a pole of order 2at z =1

Definition(essential sinqularity)

function whose Laurent expansion about isolated singular point z,
contains an infinite number of non zero terms in the principle part, is
said to have an isolated essential singular at. z,

Example:- f(Z) = ez



N
N

z()“
e =
n!
n=0
1 1 1

=1+-+ + + o
z 21z2 3173

z, = 0 is called essential singular point

Definition( a removable singular point)

The point z, is removable singular point of the function f(z) if the
principle part is zero in Laurent series expansion of a function f(z)then
z = z, Is called removable singular point .

eZ-1

Example:-The function f(z) = —

1
_1. 7
=2(e* - 1)
1 OOZ"

=;( E)
n=0

—11+Z+ZZ+ 1
oz 1 2t

B z z?
=11 +'§T'+'§T-F...

~z=0 removal singularity

definition:-(Residue)

Let f(z) analytic on a simple closed contour ¢ and all point interior to
c except for the point z, .then the residue of f(z) at z,.written
Res[f(z), z,], is defined by:

1
Res[f(2),z,] = z—m,ff(z)dz - (2,1)



Methods of finding Residue:

1- Laurent series if it is easy to write down the Laurent residue is just
the coefficienta — 1 of theterm 1/(z — 1)

Note: here ,be sure you have the expansion about z = a ; the series you
have memorized for eZ, since etc,

Are expansion about z= 0 and so can be used only for finding residue at
the origin.

Example
2 3
e?=1+z+=+=+-
2! 3!
In analytic at z=0 ; the residue of e” at z=0is 0

Example :-

Has a pole of order 3 at z=0 ; the residue of 2—3 atz=0is %

2-Residue at simple pole :
a. If f(2) has simple pole at z = a , then the residue of f(z) atz = a is

Res f(a) = lim(z — a)f(2)

COSZ

Example:- find R(0)for f(2) =

cosz
Res f(2) = hm(z - O)— = limcosz =1

z—a

b- Residue a pole of order n

If f(z) has a pole of ordernatz = a , then

1

Res,—, f(2) = lim,_q ——

(L - "))

zsinz

Example:- find the residue of f(z) = >

atz=m



2

_ 1 5 zsinz
Resf(z) 1m2'{d 2[(2— ) m]}

_ 1 d*>
lim —. ﬁ(zsmz)

1 d

= ll_r)l;lr =5 d—{zcosz

+ sinz}

—llm {z( sin z)
ZTT

= %{—nsinn + 2cosm} = E{—n. 0+2.(-D}=-1
3-  Iff(z) is of the form f(z)—g(z) where h(a) = 0 but g(a) #

0 then
Res(z = a) = R(a) = g(@)\h'(a) (h'(a) # 0)

4- Residue at a pole Z = a of any order (simple or of order n)
1
Regf(z) = R(a) = coeficient of m
Z=
Rule : put z = 0 at in the function f(z), expand it in powers of

t. coefficient of % is the residue of f(z) at z = a .

73

(z-1)*(z—-2)1(z-3)! atz=1herez=lisa

Example :-find the residue of

pole of order 4?

Putting z=14+¢t or t =z —1 ,then f(z) becomes:

a+t)® 1 t33t23t1+1
tHE-1)(t-2)  t* —(1-t).(-2x1-)

F(1+t)=

_1 .3 2 1.0 N—1p14 _ E\-1
= (E+32 +3t+ D (1-D7' (1 ->)

1(133
2

+=+ +3) A+t+t2+t34+-) 1+t+t2+t3+
—_ —_ —_ —] % ces * —_ —_ —_ e
t o t?2 3 tt 2 4 3

SR+ 2424 @i+ I ey (14545454 )



_8+36+42+15
16t

_101
16t

. 1 101 . _ 101
=~ the coefficient of > =T e.residue = 16

5-Residue at infinity :-

In general ,the residue at infinity is given by :

Res(f(z),©) = —Res (Zizf G) ) 0) ,If the following condition is met
lim; . f(z) = 0 ,then the residue at infinity can be computed using the
following formula Res(f, o) = —lim;— z. f(2) , If instead

lim; e f(z) = ¢ # 0 ,then the Residue at infinity is Res(f, o) =
—limp 50 22 f (2)

Example :-
f(z) = %z—sdz

1 2 g3
Zfz—5(1+2+§+§+ -dz
43
jg(z5 2'Z5 3125 )

~ 11 1
_5£z5+_+2!z3+3!z2+"'

Since the series converges uniformly on the support of the integration
path we are allowed to exchange integration and summation the series of
the path integrals then collapses a much simple

1
f —ndZZO
c Z

1
nEzforn;tl,;Z—n

—15£1d _1(2 _)_ni
—nf Y TV T

The value % is the residue of z—s atz=0

(Residue theorem )

Let f be analytic function on and inside the simple closed contour
expect finite number of singular points



Z4,Zy, ..., Inside c if:
b,=Res(f,z;), b,=Res(f,z,),...,b,=(f,z3)
There=2mi };}_; Res(f)
[ f(2)dz = 2mi(b,+by+...+by,)
Proof:
Let S=Ccu—-C,Uu—C,U,..,Uu—C,
By Cauchy contour theorem
0= f(@Ddz = [ o yc, S (D
0= [ f(2)dz + f_clfl (2)dz .. .+ [ _ f(2)dz
0= fC f(z)dz — fclfl (2)dz ... — fcnf(z)dz
[, f@dz = [, f@dz + [, i @dz + -+ [, f(2)dz

= 2mi Res(f,z,) + 2mi Res(f,z;) + - +
2mi Res(f,z,)

=2mi by + 2mi b, + -+ + 2mi b,
=2mi (Yi=1 bj)

theorem(generalize residue theorem)

Suppose that function f(z) is analytic in a closed region D bounded by
the closed path C, except for a finite number of singular

points,z;, Z,, ..., Z, ,lying inside D and a finite number of simple poles,
Z1,Z, -, Zy, lying an C at point where Cis smooth then:

p.v.jf(z)dz = 27 Zn Resf(z) + mi zl Resf(z)

k=1 2z=zk k=12z=zn

Proof:

We bypass each singular z; by a circular are y,of radius § and center
at z;,lying in D .we choose § .so small that the whole are y,lies in the
region of analytic of f(z) .then f(z) is analytic on the closed path which
consists of the arc y; and the remaining part ,¢ of c therefore by the
residue theorem:



ff(z)dz+z:_1f f(z)dz = ZHiZi_l ) kResf(z)
c Yk =lz=z

Expanding f(z) in a Laurent series in a neighborhood of the simple pole
Z;, we obtain :

c—1 00
F(z) = dz + Z e (2 — 5"
Z— Zg n

Then:

_1 oo
ff(z)dz=f < —dz + E cn(z, — ) dz
¥ v T 2k n=0

k

On the arc yk we have z = 2k + se'’ ,, < 0 < B, ,where

Is the angle between the secant joining the point A; and Zk and the
tangentto ¢ at Zk and By, and Zk and the same tangent (see the
magnification of arc yk in fig become .

o Bk
Bk seloido . .
f f(z)dz = c — 1[ z cn f (se‘o) "sel?idf
n=1 xk

io
«k Se

In the limit, as s = 0 ,we have X, — m, B, = 0, become:
o

limf f(z)dz = ic — 1fd0
520 )y

T

= —mic—1
= —T Res,=z1.f(2)

Chance ,taking the limit as dn — 0 we obtain In the case the points Zk
are pales of any odd order (Zk)and the principal part of the Laurent

series contains only odd power of z — Zk

f(z) = Zp 0 (z izkz;:p?l + Y ocen(z—Zk)" ,wherec— 2p+ 1)# 0

Ended, integrating each of the terms in the principal along the arc yk
from @ = m to & = 0 we obtain, as in the transition, that the term
containing c-1 is the only nonzero from this term is:

dz B ’ el°ide . ’ it
j;’k (Z—Zk)2p+1 _f(ei0)2p+1 - lfe Pde
i i



_ (T ifp=0
- o ifp=12..8

Note the simple pole of the integrands located on the path accrue in
diffraction problems

Example: Evaluate the following integral counterclockwise :

; j‘ sinz g
=p.v. A
° 12121 Z* = D(z2 + 1)
Solution :-

the four singular points, z = +1 and z = +i, of the integrand are
simple poles. Moreover, all the singularities are located on the circle
|z| =1

sinz
I, = mwi(Res,—-; + Res,—_{ + Res,—; + Res,__; [
6 ( z=1 z=—1 z=1i zZ= 1) (22—1)(22 +1)
. sinz . sinz .
[Zz(zz+1)] Z=1+ 22(22_1)[2——1]
_ . ]sin1 sinll sin1 _ sin(-1)
=m [T"' 1 22 202

Tl
=3 (sinl — sin hi)



